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Abstract
We assume the cosmological dark sector to consist of pressureless matter and holographic dark
energy with a cutoff length proportional to the Ricci scale. The requirement of separate energy-
momentum conservation of the components is shown to establish a relation between the matter
fraction and the (necessarily time-dependent) equation-of-state parameter of the dark energy. Fo-
cusing on intrinsically adiabatic pressure perturbations of the dark-energy component, the matter
perturbations are found as linear combinations of the total energy-density perturbations of the
cosmic medium and the relative (nonadiabatic) perturbations of the components. The resulting
background dynamics is consistent with observations from supernovae of type Ia, baryonic acoustic
oscillations and the differential age of old objects. The perturbation dynamics, on the other hand,
is plagued by instabilities which excludes any phantom-type equation of state. The only stable
configuration is singled out by a fixed relation between the present matter fraction Ωm0 and the
present value ω0 of the equation-of-state parameter of the dark energy. However, this instability-
avoiding configuration is only marginally consistent with the observationally preferred background
values of the mentioned parameters.
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I. INTRODUCTION
Despite the many efforts to consistently explain the results of the observations of super-
novae of type Ia (SNIa) in [1], the physical nature of the dark sector of the Universe, assumed
to consist of dark matter (DM) and dark energy (DE), remains largely mysterious. The fa-
vored cosmological model is the Λ-cold-dark-matter (ΛCDM) model which also serves as a
reference for alternative approaches to the DE problem. Grosso modo, the ΛCDM model
does well in fitting most observational data (see, e.g., the recent WMAP 9 results [2]). Nev-
ertheless, there is an ongoing interest in alternative models within General Relativity (GR)
itself and beyond it. Although no serious contender seems to be around at the present time,
these efforts continue to make sense not only because of the notorious cosmological con-
stant and coincidence problems (see, e.g. [3]) but also to test as many potential deviations
from the “standard” description as possible in order to constrain additional parameter sets
which are usually introduced in alternative approaches in order to quantify these deviations.
Typically, these approaches “dynamize” the cosmological constant in terms of scalar fields
or fluids with a generally time-dependent equation of state (EoS). Constraining a potential
time dependence by the data, e.g., is then crucial for a comparison with the ΛCDM model.
Holographic models represent a specific class of dynamic approaches to the DE problem.
These models are characterized by a relation between an ultraviolet cutoff and an infrared
cutoff [4–6]. Such relation guarantees that the energy in a given volume does not exceed the
energy of a black hole of the same size. The infrared cutoff has to be a cosmological length
scale. For the most obvious choice, the Hubble radius, only models in which dark matter and
dark energy are interacting with each other also nongravitationally, give rise to a suitable
dynamics [7, 8]. Following [5], there has been a considerable number of investigations based
on the future event horizon as cutoff scale [9]. However, all models with a cutoff at the
future event horizon suffer from the serious drawback that they cannot describe a transition
from decelerated to accelerated expansion. A future event horizon does not exist during the
period of decelerated expansion. A further option that has received attention more recently
and which will be the subject of the present paper is a model based on a cutoff length pro-
portional to the Ricci scale. The role of a distance proportional to the Ricci scale as a causal
connection scale for perturbations was noticed in [10]. As a cutoff length in DE models it
was first used in [11]. Afterwards, investigations along this line have been carried out in
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[12]. In [13–16] observational constraints were obtained on the basis of which Ricci DE was
compared with the ΛCDM model. The dynamics of perturbations was considered in [18–20].
A number of studies performed in [21–30] include interactions between DM and Ricci DE.
A relation to quantum field theory has been claimed in [31]. Various generalizations rely on
the cutoff introduced in [32]. Other previous work in the field includes [33–39].
In the present paper we reconsider the dynamics of a two-component system of pressure-
less DM and Ricci-type DE both in the homogeneous and isotropic background and on the
perturbative level. While most dynamic DE scenarios start with an assumption for the EoS
parameter for the DE, the starting point of holographic models is an expression for the DE
energy density from which the EoS is then derived. Moreover, as was pointed out in [40],
the mere definition of the holographic DE density generally implies an interaction with the
DM component. Requiring this interaction to vanish imposes an additional condition on the
dynamics. Noninteracting Ricci-type DE, in particular, is characterized by a simple relation
between the matter fraction and the necessarily time-dependent EoS parameter. Therefore
it is not compatible with a cosmological constant. We shall confront the resulting back-
ground dynamics with recent SNIa data, results from baryonic acoustic oscillations (BAO)
and from the history H(z) of the Hubble parameter. A crucial issue for Ricci-type DE is the
perturbation dynamics [18]. Based on a gauge-invariant analysis, the matter perturbations
are found as a combination of the total and the relative energy-density perturbations. In
general, the perturbation dynamics suffers from instabilities. For a phantom-type EoS these
should have occurred already before the present time. Consequently, phantom DE is not
consistent with our approach. For present EoS parameters ω0 > −1 one obtains growth-rate
oscillations and instabilities as well, this time at finite future values of the scale factor a.
We shall show that there exists just one situation without instabilities at finite values of
a. It is characterized by a DE saturation parameter already obtained in [18]. We show
that for this configuration to be realized, a certain relationship between the current matter
content Ωm0 of the Universe and the EoS parameter ω0 is required. Remarkably, under the
corresponding condition the pressure perturbations vanish and the mentioned (unobserved)
oscillation disappear. Moreover, the cosmic coincidence problem is substantially alleviated
since holographic Ricci DE itself behaves as nonrelativistic matter at high redshift. There
remain, however, tensions between the observationally favored values of Ωm0 and ω0 and the
values that are necessary to avoid instabilities of the perturbation dynamics.
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The structure of the paper is as follows. In Sec. II we recall basic relations for holographic
models of DE. The resulting homogeneous and isotropic background dynamics is confronted
with observational data in Sec. III. Sec. IV provides us with the general two-component dy-
namics of the cosmic medium. The first-order perturbation theory of the model is presented
in Secs. V, VI and VII. On this basis, the final set of coupled equations for the nonadiabatic
perturbation dynamics is found in Sec. VIII. In Sec. IX we consider issues of stability and
single out a model which is stable for any finite value of the scale factor. A summary of the
paper is given in the final Sec. X.
II. BACKGROUND DYNAMICS FOR RICCI DARK ENERGY
We start by recalling basic features of holographic DE models in a homogeneous and
isotropic background [40]. The cosmic medium is assumed to be describable by pressureless
DM with energy density ρm and a holographic DE component with energy density ρH . In
the spatially flat case Friedmann’s equation is
3H2 = 8piG(ρm + ρH) . (1)
In general, both components are not necessarily conserved separately but obey the balance
equations
ρ˙m + 3Hρm = Q , ρ˙H + 3H(1 + ω)ρH = −Q , (2)
such that the total energy ρ = ρm + ρH is conserved. Here, ω ≡ pHρH =
p
ρH
is the equation-
of-state (EoS) parameter of the DE and pH is the pressure associated with the holographic
component. The acceleration equation can be written
H˙ = −3
2
H2
(
1 +
ω
1 + r
)
, ⇒ d lnH
d ln a
= −3
2
(
1 +
ω(a)
1 + r(a)
)
, (3)
where r ≡ ρm
ρH
is the ratio of the energy densities. The total effective EoS of the cosmic
medium is
p
ρ
=
ω
1 + r
. (4)
According to the balance equations (2), the ratio r changes as
r˙ = 3Hr (1 + r)
[
ω
1 + r
+
Q
3Hρm
]
. (5)
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Following [4, 5], we write the holographic energy density as
ρH =
3 c2M2p
L2
. (6)
The quantity L is the infrared (IR) cutoff scale and Mp = 1/
√
8pi G is the reduced Planck
mass. The numerical constant c2 determines the degree of saturation of the condition
L3 ρH ≤M2P l L , (7)
which is crucial for any holographic DE model. It states that the energy in a box of size L
should not exceed the energy of a black hole of the same size [4].
Differentiation of the expression (6) and use of the energy balances (2) yields
Q
ρH
= 2
L˙
L
− 3H (1 + ω) . (8)
In general, there is no reason for Q to vanish. Assuming Q = 0 provides us with a specific
relationship between ω and the ratio of the rates L˙
L
and H . Any nonvanishing Q will modify
this relationship.
With Q from (8), the general dynamics (5) of the energy density ratio r becomes
r˙ = −3H (1 + r)
[
1 +
ω
1 + r
− 2
3
L˙
HL
]
. (9)
The case without interaction is characterized by [cf. Eq. (5)]
Q = 0 ⇒ r˙ = r
(
2
L˙
L
− 3H
)
= 3H r ω (10)
with a generally time-dependent ω. Different choices of the cutoff scale L give rise to different
expressions for the total effective EoS parameter in (4) and to different relations between
ω and r. Our interest in the present paper will be the Ricci-scale cutoff. The role of a
distance proportional to the Ricci scale as a causal connection scale for perturbations was
noticed in [10]. In [11] it was used for the first time as a DE cutoff scale. The Ricci scalar
is R = 6
(
2H2 + H˙
)
. For the corresponding cutoff scale one has L2 = 6/R, i.e.,
ρH = 3 c
2M2p
R
6
= α
(
2H2 + H˙
)
, (11)
where α = 3c
2
8piG
. Upon using (3) we obtain
ρH =
α
2
H2
(
1− 3 ω
1 + r
)
(12)
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for the holographic DE density. Notice that the (not yet known) EoS parameter explicitly
enters ρH . Use of Friedmann’s equation provides us with
1 =
c2
2
(1 + r − 3ω) ⇒ ω = 1
3
(1 + r)− 2
3c2
, (13)
which coincides with the result in [18]. Obviously, a constant value of ω necessarily implies
a constant r and vice versa. The time derivatives of ω and r are related by r˙ = 3ω˙. The
second relation in (13) can be used to express c2 in terms of the present values (subindex 0)
of ω and r:
2
c2
= 1 + r0 − 3ω0 , ⇒ r = r0 + 3(ω − ω0) . (14)
The parameter c is related both to r0 and ω0. In a next step we differentiate ρH in (11)
which yields
ρ˙H = α
(
4HH˙ + H¨
)
. (15)
With the help of (3) and the definition (11) we derive [40]
ρ˙H + 3H (1 + ω) ρH = −Q , (16)
where
Q = − 3H
1 + r
[
rω − ω˙
H
]
ρH . (17)
Relation (16) with (17), which implies that in the general case one has Q 6= 0, i.e., both dark
components do interact with each other also nongravitationally, is a direct consequence of the
ansatz (11). The DE balance in Eq. (2) may then also be written as ρ˙H+3H (1 + ωeff) ρH =
0 with an effective EoS parameter
ωeff =
1
1 + r
(
ω +
ω˙
H
)
=
ω + ω˙
H
1 + r0 + 3 (ω − ω0) . (18)
The present ratio r0 is related to the present matter fraction Ωm0 of the Universe by r0 =
Ωm0
1−Ωm0
.
According to relation (17), a constant EoS parameter ω is compatible with Q = 0 only
for ω = 0, i.e., if ρH behaves as dust. If we admit ω˙ 6= 0, however, there exists a non trivial
case Q = 0:
Q = 0 ⇒ rω = ω˙
H
⇒ r = d lnω
d ln a
. (19)
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It is this configuration that we shall investigate in the present paper. Equation (19) together
with the second relation of (14) is a differential equation for ω which has the solution
ω = ω0
r0 − 3ω0
r0a−(r0−3ω0) − 3ω0
⇒ 1 + ω = r0 − ω0 (3− (r0 − 3ω0)) a
r0−3ω0
r0 − 3ω0a(r0−3ω0)
, (20)
where we have normalized the present value of the cosmic scale factor a to a0 = 1. The
expression for 1 + ω is included here for later reference. There is no freedom left to choose
the equation of state. It is fixed by the choice of ρH together with the requirement Q = 0.
Notice that this is different from the more familiar procedure to deal with (nonholographic)
DE, where one starts with an assumption for the EoS parameter and afterwards finds an
expression for the DE density by integrating the corresponding balance equation. Here, the
starting point is the energy density and the EoS parameter has to be derived.
Knowing the EoS parameter (20), it follows from (14) that
r = r0
r0 − 3ω0
r0 − 3ω0a(r0−3ω0)
, (21)
i.e., r(a) is fixed as well. At high redshifts we have
ω → 0 , r → r0 − 3ω0 , (a≪ 1) . (22)
The property that noninteracting Ricci-DE behaves as dust at high redshift was already
pointed out in [11]. The values in the far-future limit are
ω → ω0 − 1
3
r0 , r → 0 , (a≫ 1) . (23)
The limits in (22) imply that this model naturally reproduces an early matter-dominated
era. For r0 ≈ 13 and ω0 ≈ −1, the ratio r approaches r ≈ 103 for a ≪ 1. This value is only
roughly ten times larger than the present value r0. For the ΛCDM model the corresponding
difference is about nine orders of magnitude. In this sense, the coincidence problem is
considerably alleviated for the the present model. On the other hand, in the opposite limit
a≫ 1 the ratio r approaches zero as for the ΛCDM model. Apparently, the far-future EoS
can be of the phantom type for ω0 − 13r0 < −1. However, as we shall demonstrate below,
such configuration is unstable and does not represent a realistic scenario.
The Hubble rate of our model turns out to be
H
H0
= a−3/2
√
3ω0a(r0−3ω0) − r0 [1 + r0 − 3ω0]
3ω0 − r0 [1 + r0 − 3ω0] . (24)
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For a≪ 1 we recover the Einstein-de Sitter behavior H ∝ a−3/2. The total effective EoS is
p
ρ
=
ω
1 + r
= ω0
r0 − 3ω0
r0a−(r0−3ω0) [1 + r0 − 3ω0]− 3ω0 . (25)
For the adiabatic sound speed of the DE component we find
p˙H
ρ˙H
= ω
(
1− 1
3
r
1 + ω
)
(26)
and the corresponding quantity of the total cosmic medium is
p˙
ρ˙
=
p˙H
ρ˙
= ω
1− 1
3
r
1+ω
1 + r
1+ω
. (27)
With the solutions (20) and (21) all these quantities are explicitly known, i.e., the background
dynamics is completely solved analytically. In the following section we perform an actualized
confrontation of the background dynamics with recent observational data.
III. OBSERVATIONAL ANALYSIS
Our observational analysis of the background dynamics uses the following three tests: the
differential age of old objects based on the H(z) dependence as well as the data from SNIa
and from BAO. A fourth test could potentially be added: the position of the first peak of the
anisotropy spectrum of the cosmic microwave background radiation (CMB). However, the
CMB test implies integration of the background equations until z ∼ 1.000 which requires
the introduction of the radiative component. But the inclusion of such radiative component
considerably changes the structure of the equations and no analytic expression for H(z) is
available. Hence, we shall limit ourselves to the mentioned three tests for which a reliable
estimation is possible.
Based on the evaluation of the age of old galaxies that have evolved passively [41], there
are 13 observational data available for the differential age [42–46]. Recently, a new set of 21
data has been considered [47, 48]. The basic relation is
H(z) = − 1
1 + z
dz
dt
. (28)
The value of the Hubble parameter today can be added to these data, leading to 14 or 22
observational points, depending on the sample used.
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The SNIa test is based on the distance modulus µ which is related to the luminosity
distance DL by
µ = m−M = 5 log10DL , DL = (1 + z)
c
H0
∫ z
0
dz′√
H (z′)
. (29)
In this expression we have restored the velocity of light c. The quantities m and M denote
the apparent and the absolute magnitudes, respectively.
Two decisions have to be taken for this test. The first one concerns the choice of the
sample. There are many different SNIa data sets, obtained with different techniques. In
some cases, these different samples may give very different results. The second point is the
existence of two different calibration methods. One of them uses cosmological relations and
takes into account SNIa with high z (Salt 2), the other one, using astrophysical methods, is
suitable for small z (MLCS2k2) [49]. In some cases, the application of different calibrations
can lead to different results also. All this makes the SNIa analysis very delicate. Here, we
use the Union 2 sample [50], calibrated by the Salt 2 method.
Baryonic acoustic oscillations have their origin in oscillations in the photon-baryon plasma
at the moment of the decoupling at about z = 1.090. They can be characterized by the
distance scale [51],
A =
√
Ωm0
[H(zb)]1/3
[
1
zb
∫ zb
0
dz
H(z)
]2/3
. (30)
We shall use the WiggleZ-data [52] A = 0.474± 0.034, 0.442± 0.020 and 0.424± 0.021 for
the redshifts zb = 0.44, 0.60 and 0.73, respectively.
Generally, the key quantity of a statistical analysis is the χ2 parameter
χ2(xj) =
n∑
i
(f(xj)ti − f(xj)oi )2
σi
, (31)
where f(xj)ti is the theoretical evaluation of a given observable, depending on x
j free param-
eters, f(xj)oi is the corresponding observational value with an error bar σi and n is the total
number of observational data for the given test. In terms of the χ2 parameter one defines
the probability distribution function (PDF) by
P (xj) = Ae−χ
2/2, (32)
where A is a normalization constant. The estimations for one or for two given parameters
are obtained by integrating over the remaining ones. For a combination of all tests we use
9
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FIG. 1: One-dimensional PDFs for ω0 (upper panels) and r0 (lower panels) using, from left to
right, H(z), SNIa, BAO and the combination of the three tests.
the total χ2-value χ2T ,
χ2T = χ
2
H(z) + χ
2
SN + χ
2
BAO. (33)
Assuming a spatially flat universe, the three free parameters of the model are the density-
ratio parameter r0 =
Ωmo
1−Ωm0
, the EoS ω0 and the reduced Hubble parameter h, defined by
H0 = 100 h km/s/Mpc.
In Fig. 1 we display the one-dimensional PDFs for each of the tests and for their combination.
The results for the density parameter are different for each test. The combination of all tests
leads to a value of r0 ∼ 0.4, corresponding to Ωm0 ∼ 0.29, roughly in agreement with the
ΛCDM model. For the equation of state parameter we obtain ω0 ∼ −1, consistent with the
ΛCDM model as well. According to the first relation of (14), the parameter c2 turns out
to be c2 ∼ 0.46. This value is coincides with the result in [11]. The two-dimensional PDFs
at 1σ (68% of confidence level), 2σ (95% of confidence level) and 3σ (99% of confidence
level) are shown in Fig. 2. The estimation for ω0, based on a combination of the three
tests at 2σ, is ω0 = −0.987+0.083−0.100, while for r0 we find r0 = 0.406+0.073−0.061. The straight line
represents the combination r0 = 3 (1 + ω0) which is singled out by the stability analysis of
the perturbation dynamics in Sec. IX below. The tension to the results for the background
dynamics is obvious, an agreement is possible only at the 3σ level.
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FIG. 2: Two-dimensional PDF for ω0 and r0 resulting from a combination of the three tests. The
straight line represents the instability-avoiding configuration r0 = 3 (1 + ω0) of Sec. IX below.
IV. GENERAL TWO-COMPONENT DYNAMICS
To study the dynamics of inhomogeneities on the homogeneous and isotropic background
of the previous sections we first consider the general description of the two-component sys-
tem. It is characterized by a total energy-momentum tensor
Tik = ρuiuk + phik , T
ik
;k = 0, (34)
where hik = gik + uiuk and giku
iuk = −1. The quantity ui denotes the total four-velocity
of the cosmic substratum. Latin indices run from 0 to 3. The total Tik splits into a matter
component (subindex m) and a (holographic) DE component (subindex H),
T ik = T ikm + T
ik
H , (35)
with (A = m,H)
T ikA = ρAu
i
Au
k
A + pAh
ik
A , h
ik
A = g
ik + uiAu
k
A . (36)
For separately conserved fluids we have
T ikm ;k = 0, T
ik
H ;k = 0 . (37)
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Then, the separate energy conservation equations are
− umiT ikm ;k = ρm,auam +Θmρm = 0 (38)
and
− uHiT ikH ;k = ρH,auaH +ΘH (ρH + pH) = 0 . (39)
In general, each component has its own four-velocity, with giku
i
Au
k
A = −1. The quantities
ΘA are defined as ΘA = u
a
A;a. For the homogeneous and isotropic background we assume
uam = u
a
H = u
a. Likewise, the momentum conservations are written as
hamiT
ik
m ;k = ρmu˙
a
m = 0 (40)
and
haHiT
ik
H ;k = (ρH + pH) u˙
a
H + pH,ih
ai
H = 0, (41)
where u˙aA ≡ uaA;bubA.
Denoting first-order perturbations about the homogeneous and isotropic background by
a hat symbol, the perturbed time components of the four-velocities are
uˆ0 = uˆ
0 = uˆ0m = uˆ
0
H =
1
2
gˆ00 . (42)
According to the perfect-fluid structure of both the total energy-momentum tensor (34)
and the energy-momentum tensors of the components in (36), and with uam = u
a
H = u
a in
the background, we have first-order energy-density perturbations ρˆ = ρˆm + ρˆH , pressure
perturbations pˆ = pˆm + pˆH = pˆH and
Tˆ 0α = Tˆ
0
mα + Tˆ
0
Hα ⇒ (ρ+ p) uˆα = ρmuˆmα + (ρH + pH) uˆHα . (43)
In linear order the spatial components of the 4− accelerations are
ˆ˙uµ = ˙ˆuµ − 1
2
gˆ00,µ, ˆ˙u(m)µ = ˙ˆu(m)µ − 1
2
gˆ00,µ, ˆ˙u(H)µ = ˙ˆu(H)µ − 1
2
gˆ00,µ . (44)
For the first-order pressure gradient terms we find (recall pH = p)
̂p,chcHµ = pˆ,µ + p˙uˆHµ, p̂,chcµ = pˆ,µ + p˙uˆµ . (45)
From the matter-momentum conservation (40) it follows that
u˙am = 0 ⇒ ˙ˆu(m)µ −
1
2
gˆ00,µ = 0 ⇒ ˙ˆu(m)µ = 1
2
gˆ00,µ . (46)
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According to (43) the differences between uˆα and the corresponding quantities of the com-
ponents are
uˆα − uˆHα = ρm
ρ+ p
(uˆmα − uˆHα) , uˆα − uˆmα = ρH + pH
ρ+ p
(uˆHα − uˆmα) . (47)
Restricting ourselves to scalar perturbations, the perturbed line element can be written
ds2 = − (1 + 2φ) dt2 + 2a2F,αdtdxα + a2 [(1− 2ψ) δαβ + 2E,αβ] dxαdxβ . (48)
Furthermore, we define the (three-) scalar quantities v, vm and vH by
a2uˆµ + a2F,µ = uˆµ ≡ v,µ (49)
and
a2uˆµm + a
2F,µ = uˆmµ ≡ vm,µ , a2uˆµH + a2F,µ = uˆHµ ≡ vH,µ , (50)
respectively.
From the definitions of Θ, Θm and ΘH it follows that
Θˆ =
1
a2
(∆v +∆χ)− 3ψ˙ − 3Hφ , (51)
where ∆ is the three-dimensional Laplacian,
χ ≡ a2
(
E˙ − F
)
(52)
and
Θˆm =
1
a2
(∆vm +∆χ)− 3ψ˙ − 3Hφ , ΘˆH = 1
a2
(∆vH +∆χ)− 3ψ˙ − 3Hφ . (53)
V. CONSERVATION EQUATIONS IN LINEAR ORDER
At first order, the energy balances (38) and (39) are
˙ˆρm + ρ˙muˆ
0 + Θˆmρm +Θρˆm = 0 (54)
and
˙ˆρH + ρ˙H uˆ
0 + ΘˆH (ρH + pH) + Θ (ρˆH + pˆH) = 0 , (55)
respectively. The total first-order energy conservation takes the form
˙ˆρ+ ρ˙uˆ0 + Θˆ (ρ+ p) + Θ (ρˆ+ pˆ) = 0 . (56)
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Comparing (54), (55) and (56) one finds
Θˆ =
ρm
ρ+ p
Θˆm +
ρH + pH
ρ+ p
ΘˆH (57)
with p = pH . The separate momentum conservation equations are given by (40) and (41).
Additionally, we have the total momentum conservation
(ρm + ρH + pH) u˙
a + pH,ih
ai = 0 . (58)
For the total energy-density perturbations δ ≡ ρˆ
ρ
equation (56) yields
δ˙ −Θp
ρ
δ − ρ˙
ρ
φ+ Θˆ
(
1 +
p
ρ
)
+Θ
pˆ
ρ
= 0 , (59)
where we have used uˆ0 = −φ. The momentum balance (58) for the cosmic medium as a
whole together with the first relation of (44) and the second relation of (45) provides us with
(ρ+ p) [v˙ + φ] + pˆc = 0 , (60)
where pˆc = pˆ + p˙v. In terms of the fractional perturbation δm ≡ ρˆmρm , the matter energy
conservation (54) can be written as
δ˙m − ρ˙m
ρm
φ+ Θˆm = 0 . (61)
The matter momentum balance (40) together with the second relation of (44) results in
v˙m + φ = 0 . (62)
With δH ≡ ρˆHρH the energy conservation (55) for the DE component is
δ˙H +
ρ˙H
ρH
δH − ρ˙H
ρH
φ+ ΘˆH
(
1 +
pH
ρH
)
+Θ
(
δH +
pˆH
ρH
)
= 0 . (63)
In the following it will be convenient to introduce the quantity
DH ≡ ρˆH
ρH + pH
=
δH
1 + ω
. (64)
In terms of DH eq. (63) then takes the form
D˙H −Θ p˙H
ρ˙H
DH +Θφ+ ΘˆH +Θ
pˆH
ρH + pH
= 0 . (65)
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The dark-energy momentum balance (41) together with the third relation of (44) and the
first relation of (45) result in
(ρH + pH) [v˙H + φ] + pˆ
c
H = 0 ⇒ v˙H + φ = − pˆ
c
H
ρH + pH
≡ −P cH , (66)
where pˆcH = pˆH + p˙HvH = pˆ+ p˙vH .
Our final goal in this paper is to calculate the matter-density perturbations. To this
purpose we shall solve the coupled system of total energy perturbations δ and relative
energy-density perturbations δm−DH . In the following section we start by establishing the
equation for the total energy-density perturbations.
VI. TOTAL ENERGY-DENSITY PERTURBATIONS
We consider Eq. (59) and introduce therein the gauge-invariant quantities
δc = δ +
ρ˙
ρ
v , Θˆc = Θˆ + Θ˙v . (67)
Then, Eq. (59) is rewritten as
δ˙c −Θp
ρ
δc − ρ˙
ρ
(v˙ + φ) +
Θ
ρ
pˆc +
(
1 +
p
ρ
)
Θˆc = 0 . (68)
Combination of the energy conservation (68) and the momentum conservation (60) yields
δ˙c −Θp
ρ
δc +
(
1 +
p
ρ
)
Θˆc = 0 . (69)
The perturbation Θˆ has to be determined from the perturbed Raychaudhuri equation for
Θ. Neglecting shear and vorticity, the Raychaudhuri equation is
Θ˙ +
1
3
Θ2 − u˙a;a + 4piG (ρ+ 3p) = 0 . (70)
In terms of the gauge-invariant variables one finds, at linear order,
˙ˆ
Θc +
2
3
ΘΘˆc + 4piGρδc − u˙a:a = 0 . (71)
In a next step we have to differentiate (69) and to insert (71) into the resulting expression.
The remaining Θˆc terms can be eliminated by (69) again. Using also
u˙m;m = −
1
a2
(
∆pˆ+ p˙∆v
ρ+ p
)
= − 1
a2
∆pˆc
ρ+ p
, (72)
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the equation for δc becomes
δ¨c +
[
2− 6p
ρ
+ 3
p˙
ρ˙
]
Hδ˙c −
[
3
2
+ 12
p
ρ
− 9
2
p2
ρ2
− 9 p˙
ρ˙
]
H2δc − 1
a2
∆pˆc
ρ
= 0 . (73)
Changing to a as independent variable (δ′ ≡ dδc
da
) and transforming into the k space, we
arrive at
δc′′ +
[
3
2
− 15
2
p
ρ
+ 3
p˙
ρ˙
]
δc′
a
−
[
3
2
+ 12
p
ρ
− 9
2
p2
ρ2
− 9 p˙
ρ˙
]
δc
a2
+
k2
a2H2
pˆc
ρa2
= 0 . (74)
Equation (74) governs the behavior of the total energy-density perturbations. As we shall
see, via the pˆc term the perturbations δc are coupled to the relative perturbations δm−DH .
VII. COMBINING THE SEPARATE CONSERVATION EQUATIONS
Now we combine the separate energy conservation equations (61) and (65) of the compo-
nents and define SmH ≡ δm −DH . Then
S˙mH = Θ
(
PH − p˙H
ρ˙H
DH
)
+ ΘˆH − Θˆm , (75)
where PH =
pˆH
ρH+pH
. Combining the momentum balances (62) and (66) results in
(vH − vm)· = −P cH . (76)
Because of the structure of the first-order expressions in (53) one has
ΘˆH − Θˆm = 1
a2
∆(vH − vm) . (77)
Equation (75) then becomes
S˙mH = Θ
(
PH − p˙H
ρ˙H
DH
)
+
1
a2
∆(vH − vm) . (78)
Differentiation of (78) yields
S¨mH =
[
Θ
(
PH − p˙H
ρ˙H
DH
)]·
− 2H 1
a2
∆(vH − vm) + 1
a2
∆(vH − vm)· . (79)
Using here (78) again and also (76) results in
S¨mH + 2HS˙mH =
[
Θ
(
PH − p˙H
ρ˙H
DH
)]·
+ 2HΘ
(
PH − p˙H
ρ˙H
DH
)
− ∆P
cH
a2
. (80)
The difference PH − p˙Hρ˙HDH describes the deviation of the DE pressure perturbations from
being adiabatic. It is zero for purely adiabatic DE perturbations. We discuss this issue in
more detail in the following section.
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VIII. NONADIABATICITY AND FINAL SET OF EQUATIONS
Generally, the deviation from adiabaticity in a two-component system with components
m (pressureless) and H is
pˆ
ρ+ p
− p˙
ρ˙
ρˆ
ρ+ p
= P c − p˙
ρ˙
Dc =
ρH + pH
ρ+ p
(
pˆH
ρH + pH
− p˙H
ρ˙H
ρˆH
ρH + pH
)
+
ρm (ρH + pH)
(ρ+ p)2
p˙H
ρ˙H
[
ρˆH
ρH + pH
− ρˆm
ρm
]
. (81)
Let us consider the combination pˆH − p˙Hρ˙H ρˆH . With pH = ωρH one has
pˆH − p˙H
ρ˙H
ρˆH = ωˆρH +
(
ω − p˙H
ρ˙H
)
ρˆH , (82)
where ω is given by the solution (20) and the adiabatic DE sound speed p˙H
ρ˙H
by (26). Because
of (26) the combination (82) then results in
pˆH − p˙H
ρ˙H
ρˆH = ρH
[
ωˆ +
ω
3
rDH
]
, (83)
which is a gauge-invariant expression. In general, now an assumption for the perturbed EoS
parameter ωˆ is necessary to proceed. We shall consider here the adiabatic case
pˆH =
p˙H
ρ˙H
ρˆH ⇒ ωˆ = −rω
3
DH . (84)
This assumption of an adiabatic DE component allows us to relate the otherwise undeter-
mined perturbation ωˆ of the EoS parameter to the DE energy perturbation DH . Under
these circumstances Eq. (80) reduces to
S¨mH + 2HS˙mH = −∆P
cH
a2
. (85)
We emphasize that the total perturbation dynamics remains nonadiabatic due to the two-
component nature of the medium. With an adiabatic DE component, the general relation
(81) simplifies to
pˆc
ρ+ p
− p˙
ρ˙
ρˆc
ρ+ p
= −ρm (ρH + pH)
(ρ+ p)2
p˙H
ρ˙H
SmH , (86)
or
pˆc =
p˙
ρ˙
ρˆc − ρm (ρH + pH)
(ρ+ p)
p˙H
ρ˙H
SmH ⇒ pˆc = p˙
ρ˙
[ρˆc − ρmSmH ] . (87)
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Through (87) the dynamics of the total energy-density perturbations, described by Eq. (74),
is coupled to SmH . Explicitly,
δc′′+
[
3
2
− 15
2
p
ρ
+ 3
p˙
ρ˙
]
δc′
a
−
[
3
2
+ 12
p
ρ
− 9
2
p2
ρ2
− 9 p˙
ρ˙
− k
2
a2H2
p˙
ρ˙
]
δc
a2
=
k2
a2H2
p˙
ρ˙
ρm
ρ
SmH
a2
. (88)
At high redshift, for a≪ 1 Eq. (88) approaches the Einstein-de Sitter limit
δc′′ +
3
2a
δc′ − 3
2a2
δc = 0 (a≪ 1) . (89)
To obtain an expression for the term on the right-hand side of Eq. (85) we write
pˆcH = pˆ+ p˙vH = pˆ+ p˙v + p˙ (vH − v) (90)
or
pˆcH = pˆc + p˙ (vH − v) . (91)
Now, for the difference v − vH we have
v − vH = ρm
ρ+ p
(vm − vH) . (92)
From relation (78) it follows that (in k space)
vm − vH = a
2
k2
S˙mH . (93)
Then pˆcH is written
pˆcH = pˆc − p˙ ρm
ρ+ p
a2
k2
S˙mH ⇒ pˆcH = pˆc + 3H p˙
ρ˙
ρm
a2
k2
S˙mH . (94)
Here we introduce pˆc from (87) to obtain
pˆcH =
p˙
ρ˙
[
ρδc − ρm
(
SmH − 3Ha
2
k2
S˙mH
)]
. (95)
By relation (95) the dynamics of SmH in Eq. (80) is coupled to the dynamics of δ
c. Explicitly,
S ′′mH +
[
3
2
− 3 r
1 + ω
p˙
ρ˙
− 3
2
p
ρ
]
S ′mH
a
+
r
1 + ω
p˙
ρ˙
k2
a2H2
SmH
a2
=
(
1 +
r
1 + ω
)
p˙
ρ˙
k2
a2H2
δc
a2
, (96)
where we have to exclude the case ω = −1. Below we shall show that ω = −1 is only
possible asymptotically and with p˙
ρ˙
= 0. For a≪ 1 this equation approaches
S ′′mH +
3
2a
S ′mH = 0 (a≪ 1) . (97)
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There is one decaying solution and a solution SmH = const. At high redshift, according
to (22), the DE behaves as dust as well and we may use approximately adiabatic initial
conditions SmH ≈ 0 for the coupled system (88) and (96).
Our interest is the matter-energy perturbation. To this purpose we decompose the total
energy-density perturbation δc according to
δc =
ρm
ρ
δcm +
ρH
ρ
δcH . (98)
Combination with SmH = δm − δH1+ω leads to
δcm =
1
1 + ω
1+r
[
δc +
1 + ω
1 + r
SmH
]
, (99)
which describes the matter-energy perturbations as a combination of δc and SmH . To obtain
its dynamics one has to solve the coupled system of equations (88) and (96).
The result for the matter perturbations of our model can be compared with the behavior of
matter perturbations in the ΛCDMmodel. The latter can be obtained as a limiting case from
Eq. (88) for the total energy-density perturbations. Using there p = pΛ = −ρΛ = constant
and
ρ = ρM + ρΛ ,
p
ρ
= − ρΛ
ρΛ + ρM
= − 1
1 + r
, r = r0a
−3 (ΛCDM) , (100)
Eq. (88) reduces to
δc′′ +
[
3
2
− 15
2
p
ρ
]
δc′
a
−
[
3
2
+ 12
p
ρ
− 9
2
p2
ρ2
]
δc
a2
= 0 (ΛCDM) . (101)
For the perturbations we have
ρˆc = ρˆcm ⇒ δc =
ρˆc
ρ
=
ρˆcm
ρΛ + ρm
= δcm
r
1 + r
(ΛCDM) . (102)
Then, the dynamics of δcm is governed by
δc′′m +
3
2
2 + r
1 + r
δc′m
a
− 3
2
r
1 + r
δcm
a2
= 0 , (ΛCDM) . (103)
While for r ≪ 1 at high redshift the behavior of δcm for our Ricci-type DE model is indistin-
guishable from that of the ΛCDM model, the future evolution is different. The “growing”
mode of the latter approaches δcm = constant for r → 0, independently of the scale, whereas
for Ricci-DE the behavior of the corresponding quantity depends on the scale and decays
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and/or oscillates. Moreover, as we shall demonstrate below, the matter perturbations gen-
erally exhibit instabilities at finite values of the scale factor. Before clarifying this issue, a
comment concerning the interpretation of the perturbation variable is in order here. The
matter density perturbation δcm in relation (99) is defined with respect to the total comov-
ing gauge. To obtain the matter density perturbation, comoving with the matter velocity,
δcmm = δm +
ρ˙m
ρm
vm, we have to consider
δcm = δm +
ρ˙m
ρm
v = δm +
ρ˙m
ρm
vm +
ρ˙m
ρm
(v − vm) = δcmm +
ρ˙m
ρm
(v − vm) . (104)
Since
v − vm = ρH + pH
ρ+ p
(vH − vm) , vH − vm = −a
2
k2
S˙mH , (105)
the quantity of interest is
δcmm =
1
1 + ω
1+r
[
δc +
1 + ω
1 + r
SmH
]
− 3
1 + r
1+ω
a2H2
k2
aS ′mH . (106)
Obviously, δcm and δ
cm
m differ by the last term in (106). Because of the factor
a2H2
k2
(assuming
again ω 6= −1) one expects that on scales smaller than the Hubble scale the differences
between δcm and δ
cm
m are small.
IX. ISSUES OF STABILITY AND A VIABLE MODEL
The behavior of the quantities SmH , δ
c, δcm and δ
cm
m together with δcm of the ΛCDM
model is visualized in Figs. 3 and 5 for ω0 = −0.9 with k = 0.1 and k = 0.01, respectively.
The parameters in Fig. 4 differ from those of Fig. 3 by a higher energy-density ratio. This
indicates a weak dependence on r0. The figures confirm that differences between δ
c
m and
δcmm are indeed small on the chosen scales. In Figs. 3 and 4 there appear oscillations of
all the perturbation quantities very close to the present time. They seem to be similar to
those known from (generalized) Chaplygin-gas models which have jeopardized these models
(cf. [53, 54] for a discussion of the matter power spectrum in the context of Chaplygin-gas
models). A still more serious drawback is the existence of instabilities at future values a > 1
(for ω0 > −1) of the scale factor, related to a crossing of the phantom divide ω = −1.
Instabilities occur if the denominator 1 + ω in (96) vanishes, i.e., if ω approaches −1. The
condition of 1 + ω = 0 is the vanishing of the numerator in (20),
r0 = ω0 (3− (r0 − 3ω0)) ar0−3ω0i , (107)
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which determines the value ai of the scale factor at which the instability occurs. Solving for
ai yields
ar0−3ω0i =
r0
ω0 (3− (r0 − 3ω0)) =
r0
ω0 (3 (1 + ω0)− r0) . (108)
We may now consider separately the cases ω0 > −1 and ω0 < −1. Assuming ω0 = −1 + µ
we have (µ 6= r0
3
and µ 6= 1)
ar0−3ω0i =
r0
(r0 − 3µ) (1− µ) . (109)
For µ > 0 we find ai > 1, i.e., the instability sets in at a finite value of the scale factor
in the future. This corresponds to the situation of Figs. 3, 4 and 5, where the instability
sets in for values of the order of a ≈ 1.5. For µ < 0, i.e. for a phantom equation of state,
there appears an instability in the past at ai < 1. Since such kind of instability has not
been observed, a present phantom equation of state is definitely excluded in the context of
our model. The limit between the two regimes is just µ = 0 where we have ai = 1, i.e.,
instabilities at the present epoch. The only case without instabilities at finite values of the
scale factor is a fixed relation r0 − 3ω0 = 3 between the initially independent values of r0
and ω0. Since r0 > 0 necessarily, this implies ω0 > −1. Consequently, the only physically
acceptable case is
ω0 = −1 + r0
3
⇔ r0 = 3 (1 + ω0) ⇔ Ωm0 = 3 1 + ω0
1 + 3 (1 + ω0)
. (110)
The parameters ω0 and r0 are necessarily related to each other and cannot be chosen inde-
pendently. In a sense, r0 quantifies the deviation of ω0 from ω0 = −1. Under this condition
we have c2 = 1
2
. This is exactly the result found by Karwan and Thitapura in their study
of instabilities through nonadiabatic perturbations in a system of matter and Ricci DE [18].
The solution (20) then simplifies to
ω =
ω0
(1 + ω0) a−3 − ω0
(111)
and the solution (21) becomes
r = 3
r0
(3− r0) a3 + r0 . (112)
Combining the relations (111) and (112) has the important consequence
r
1 + ω
= 3 ⇒ p˙
ρ˙
= 0 . (113)
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This makes all the coupling terms (and some others) in the coupled system (88) and (96)
vanish. Also the pressure perturbations pˆc in (87) vanish. There remain neither oscillations
nor instabilities. Equation (88) reduces to the corresponding Eq. (101) of the ΛCDM model.
However, the coefficients in both equations describe a different background dynamics which
leads to different growth rates for the matter perturbations. The relative energy-density
perturbation remain negligible during the entire evolution. From relations (111) and (112)
we obtain that at high redshift
ω → 0 and r → 3 (a≪ 1) , (114)
respectively, while in the far-future
ω → −1 and r → 0 (a≫ 1) , (115)
respectively, are valid. The Hubble rate is given by
H2
H20
= Ωm0a
−3 + 1 +
1
3
Ωm0
(
a−3 − 4) . (116)
Notice that we have the same number of free parameters as in the ΛCDM model, but there
is no ΛCDM limit of (116). The behavior of the perturbation quantities on the basis of
(111), (112) and (113) is visualized in Figs. 6, 7 and 8. These figures confirm that for the
chosen configuration there are neither oscillations nor instabilities. From this point of view
the model appears acceptable. But the observationally preferred (from the background tests
in Sec. III) values of ω0 and Ωm0 are only marginally consistent with the instability-avoiding
combination of these quantities. The value r0 = 0.4, equivalent to Ωm0 = 0.27, corresponds,
according to relation (110), to a present value of the EoS parameter of ω0 = −0.87 which
differs from the preferred background value ω0 = −0.987. The situation, which is visualized
in Fig. 2, could be improved by a very low present matter content although this is not
supported by the recent results of the Planck satellite [55]. On the other hand, both the
results from SNIa-observations and those of the Planck satellite rely crucially on the ΛCDM
model which, as we have pointed out, does not follow as a limiting case from our Ricci-DE
model. Moreover, we have neglected here the baryon component.
X. CONCLUSIONS
By its definition, noninteracting Ricci-type DE is characterized by a necessarily time-
dependent EoS parameter. This makes it an observationally testable alternative to the
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FIG. 3: Evolution of the perturbation quantities SmH (dotted line), δ
c (dash-dotted line), δcm
(dashed line) and δ
cm
m (thin solid line) for ω0 = −0.9, r0 = 0.4 and k = 0.1. For comparison the
ΛCDM result (thick solid line) is also included.
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FIG. 4: The same quantities as in Fig. 3 for ω0 = −0.9, r0 = 0.8 and k = 0.1.
ΛCDM model. It establishes a a relationship between this EoS parameter and the matter
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FIG. 5: The same quantities as in Fig. 3 for ω0 = −0.9, r0 = 0.4 and k = 0.01.
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FIG. 6: Evolution of the perturbation quantities SmH (dotted line), δ
c (dash-dotted line), δcm
(dashed line) and δ
cm
m (thin solid line) for r0 = 0.4 and k = 0.1 on the basis of (111), (112) and
(113). The ΛCDM result is represented by the thick solid line. The relative density perturbations
SmH are negligible during the entire evolution. The results for δ
c
m and δ
cm
m are almost identical.
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FIG. 7: The same quantities as in Fig. 6 for r0 = 0.8 and k = 0.1.
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FIG. 8: The same quantities as in Fig. 6 for r0 = 0.4 and k = 0.01.
content of the Universe. Ricci-DE behaves almost as dust at high redshift. The ratio of
the energy densities of DM and DE varies considerably less than for the ΛCDM model.
Since the time of radiation decoupling it has changed by about one order of magnitude
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compared with roughly nine orders of magnitude for the ΛCDM model. This amounts to a
remarkable alleviation of the coincidence problem. Our statistical analysis, based on recent
observational data from SNIa, BAO and H(z), results in a preferred value of c2 ≈ 0.46 for
the Ricci-DE parameter which confirms earlier studies in the literature [11]. Within a gauge-
invariant analysis we calculated the matter perturbations as a combination of the total energy
perturbations of the cosmic medium and the relative perturbations of the components and
clarified the relation to the matter perturbations of the ΛCDM model. The results coincide
with those of the ΛCDM model until redshifts of the order of z ≈ 4 . For z < 1.5 the
differences are substantial.
We demonstrated that the perturbation dynamics suffers from instabilities that exclude a
present phantom-type equation of state. For values ω0 > −1 the theory predicts instabilities
at finite future values of the scale factor. It is only for a specific relation between the values
Ωm0 of the present matter density and the present EoS parameter ω0 that the dynamics
remains stable for any finite scale-factor value. This relation corresponds to a Ricci-DE
parameter c2 = 0.5 [18]. The cosmological evolution is then governed by dynamical DE
with time-varying EoS and vanishing pressure perturbations. The number of independent
parameters of this model reduces to that of the ΛCDM model. The basic equation for the
perturbation dynamics formally coincides with its ΛCDM counterpart as well. But due to
the differences in the background dynamics the growth rates of the matter perturbations
are different. We conclude that holographic Ricci DE represents a theoretically appealing
scenario which does not need additional parameters except H0 and Ωm0. Despite of its at-
tractive features, there remains a certain tension between the instability-avoiding theoretical
values of Ωm0 and ω0 and those preferred by the analysis of the homogeneous and isotropic
background dynamics.
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